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TWO PROBLEMS ON CARTAN DOMAINS
WEIPING YIN
Abstract. Firstly, we consider the unitary geometry of two exceptional Car-
tan domains ℜV (16) and ℜV I(27). We obtain the explicit formulas of Bergman
kernal funtion, Cauchy-Szego¨ kernel, Poinsson kernel and Bergman metric for
ℜV (16) and ℜV I(27). Secondly, we give a class of invariant differential op-
erators for Cartan domain ℜ of dimension n: If the Bergman metric of ℜ
is
ds2 =
n∑
i,j=1
gijdzidzj , T (z, z) = (gij)
and
L(u) = T−1(z, z)[
∂2u
∂zi∂zj
],
then
Lj(u) = {The sum of all prinipal minors of degree j for L(u)}
is invariant under the biholomorphic mapping of ℜ. Let D be the irreducible
bounded homogeneous domain in Cn, P = P (z, ∗) the Poisson kernel of D,
then for any fixed J(1 ≤ j ≤ n) one has Lj(P
1/j) = 0 iff D is a symmetric
domain.
1. Unitary Geometry on Exceptional Cartan Domains
In 1935, E.Cartan classified all symmetric bounded domains. He prived that
there exit only six types of irreducible bounded symmetric domains in Cn. They
can be realized as follows:
ℜI(m,n) = {Z ∈ Cmn|I − ZZ′ > 0, Z − (m,n) matrix}
ℜIIp = {Z ∈ Cp(p+1)/2|I − ZZ′ > 0, Z − symmetric matric of degree p}
ℜIIIq = {Z ∈ Cq(q−1)/2|I − ZZ ′ > 0, Z − skew symmetric matrix of degree q}
ℜIV (n) = {z = (z1, · · · , zn) ∈ Cn|1 + |zz′|2 − 2zz′ > 0, 1− |zz′|2 > 0}
or
=


Z =


z1 z2 z3 · · · zn−1
z2 zn 0 · · · 0
z3 0 zn · · · 0
· · · · · · · · · · · · · · ·
zn−1 0 0 · · · zn

 ∈ Cn|
1
2
√−1(Z − Z
′
) > 0


.
Besides the above four Cartan domains, there exist two exceptional Cartan domains
of dimensions 16 and 27. If we denote them by ℜV (16) and ℜV I(27) respectively,
then
ℜV (16) = {(Z,U) ∈ C16| 1
2
√−1(Z − Z
′
)− 1
2
(UU
′
+ UU ′) > 0},
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where
Z =


z1 z2 z3 · · · z7
z2 z8 0 · · · 0
z3 0 z8 · · · 0
· · · · · · · · · · · · · · ·
z7 0 0 · · · z8

 , U =


t
uQ1
...
uQ6

 , t = (t1, · · · , t4) ∈ C
4
u = (u1, · · · , u4) ∈ C4
and
Q1 = I
(4), Q2 =
√−1
(
I(2) 0
0 −I(2)
)
, Q3 =
(
0 I(2)
−I(2) 0
)
Q4 =
√−1


0
1 0
0 −1
1 0
0 −1 0

 , Q5 =


0
0 1
−1 0
0 1
−1 0 0

 ,
Q6 =
√−1


0
0 1
1 0
0 1
1 0
0

 ,
QiQ
′
j +QjQ
′
i = 2δijI
(4), i, j = 1, 2, · · · , 6.
ℜV I(27) = [(z11, z12, z13, z22, z23, z33) ∈ C1×C8×C8×C1×C8×C1| 1
2
√−1(Z−Z
′
) > 0],
where
Z =

 z11 z12 z13z′12 z22I(8) z23
z′13 z
′
23 z33I
(8)

 , z23 =

 zT1· · ·
zT2

 , z = (z1, · · · , z8) ∈ C8
and
T1 =


(
1 0
0 −1
)
( −1 0
0 −1
)
( −1 0
0 −1
)
( −1 0
0 −1
)


,
T2 =


(
0 1
1 0
)
(
0 −1
1 0
)
(
0 −1
1 0
)
(
0 1
−1 0
)


,
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T3 =


(
1 0
0 1
)
(
1 0
0 −1
)
( −1 0
0 −1
)
(
1 0
0 1
)


,
T4 =


(
0 1
−1 0
)
(
0 1
1 0
)
(
0 −1
1 0
)
(
0 −1
1 0
)


,
T5 =


(
1 0
0 1
)
(
1 0
0 1
)
(
1 0
0 −1
)
( −1 0
0 −1
)


,
T6 =


(
0 1
−1 0
)
(
0 1
−1 0
)
(
0 1
1 0
)
(
0 1
−1 0
)


,
T7 =


(
1 0
0 −1
)
( −1 0
0 1
)
(
1 0
0 −1
)
(
1 0
0 1
)


,
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T8 =


(
0 1
1 0
)
(
0 −1
−1 0
)
(
0 1
1 0
)
(
0 −1
1 0
)


.
TiT
′
j + TjT
′
i = 2δijI
(8), i, j = 1, 2, · · · , 8.
For the first four types of Cartan domains, Hua and Lu obtained many results[2,3].Now
we consider the unitary geometry on the exceptional Cartan domains ℜV (16) and
ℜV I(27).
I Bergman kernel function
The mapping
W = A[Z − 12 (Z0 + Z
′
0)−
√−1(UU ′0 + U0U ′) +
√
−1
2 (U0U
′
0 + U0U
′
0)]A
′
R = A(U − U0)
is a holomorphic automorphism of ℜV (16) ,where
R =


r
sQ1
...
sQ6

 , r = (r1, · · · , r4) ∈ C
4
s = (s1, · · · , s4) ∈ C4
A =


a11 a12 · · · a17
a22
. . .
a22

 ∈ R8
which maps point (Z0, U0)(∈ ℜV (16)) into point (
√−1I, 0), and
(A′A)−1 =
Z0 − Z ′0
2
√−1 −
1
2
(U0U
′
0 + U0U
′
0), a
−2
22 =
z08 − z08
2
√−1 − u0u
′
0.
By direct calculations, we have
∂(W,R)
∂(Z,U)
=


a211
a11a22I
(6)
a222
a11I
(4)
a22I
(4)


and
det
[
∂(W,R)
∂(Z,U)
∂(W,R)
∂(Z,U)
′
]
= (a11a12)
24 = (a211a
2
22)
12/a12022 = det(A
′A)12/a12022 .
Hence, the Bergman kernel function of ℜV (16) is given by(up to a constant factor)
KV (Z,U, Z, U) =
[
1
2
√
−1 (z8 − z8)− uu′
]60
det
[
(2
√−1)−1(Z − Z ′)− 12 (UU
′
+ UU ′)
]12
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= {(2√−1)−1(z1 − z1)((2
√−1)−1(z8 − z8))
−
6∑
j=1
[(2
√−1)−1(zj+1 − zj+1)− 1
2
(uQjt
′
+ tQ
′
ju
′)]2}−12.
Mapping
W = A
[
Z − 1
2
(Z0 + Z
′
0)
]
A′
is a holomorphic automorphism of ℜV I(27), where
A =

 a11 a12 a130 a22I(8) a23
0 0 a33I
(8)

 , a23 =


aT1
aT2
...
aT8

 , a = (a1, · · · , a8) ∈ R8.
which maps pointZ0(∈ RV I(27)) into point
√−1I and
(A′A)−1 = (2
√−1)−1(Z0−Z0′), (a22a33)−2 = (z22
0 − z220
2
√−1 )(
z33
0 − z330
2
√−1 )−(
z0 − z0
2
√−1 )(
z0 − z0
2
√−1 )
′
.
By direct calculations, we have

a211
a11a22I
(8)
a11a33I
(8)
a222
∗ a22a33I(8)
a233


=
∂W
∂Z
.
and
det(
∂W∂W
∂Z∂Z
) = (a11a22a33)
36 = (a211a
16
22a
16
33)
18/(a222a
2
33)
126
= (detA′A)18/(a222a
2
33)
126
So, we obtain the Bergman kernel function of RV I(27) as follows(up to a constant
factor):
KV I(Z,Z) =
[ 1
2
√
−1 (z22 − z22) 12√−1 (z33 − z33)− 12√−1 (z − z) 12√−1 (z − z)
′
]126
det[ 1
2
√
−1 (z − z)]18
.
2.Cauchy-Szeg¨ Kernels and Poisson Kernels
If the point (X,V ) belongs to Solov boundary of RV (16), then the (X,V ) satisfies
the following equation:
X −X ′
2
√−1 =
1
2
(V V
′
+V V ′), V =


u
vQ1
...
vQ6

 , u = (u1, · · · , u4) ∈ C4, v = (v1, · · · , v4) ∈ C4.
By direct calculation, the Cauchy-Szego¨ kernel of RV (16) is
HV (Z,U ;X,V ) =
[(z8 − x8)/(2
√−1)− uv′]30
det[(Z −X ′)/(2√−1)− 12 (UV
′
+ UV ′)]6
(up to a constant factor).
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And the Poisson kernel of RV (16) is given by (up to a constant factor)
PV (Z,U ;X,V ) =
det[(Z − Z ′)/(2√−1)− (UU ′ + UU ′)/2]6|(z8 − x8)/(2
√−1)− uv′|60
[(z8 − z8)/(2
√−1)− uu′]30| det[(Z −X ′)/(2√−1)− (UV ′ + UV ′)/2]|12
If X belong to the silov kernel boundary of RV I(27), then we have
X =

 X ′11 X12 X13X ′12 X22I(8) X23
X13 X
′
23 X33I
(8)

 , X23 =


XT1
...
XT8

 , X = (X1 · · · , X8) ∈ R8
By direct calculations, the Cauchy-Szego¨ kernel of RV I(27) is given by (up to a
constant factor)
HV I(Z,X) =
(z22 − x22)/(2
√−1)(z33 − z33)/(2
√−1)− (z − x)/(2√−1)[(z − x)/(2√−1)′]63
[det(Z −X ′)/(2√−1)]9
.
And the Poisson kernel of RV I(27) is (up to a constant factor)
PV I(Z,X) =
det(Z−Z
′
2
√
−1 )
9|( z22−z22
2
√
−1 )(
z33−z33
2
√
−1 )− ( z−x2√−1 )( z−x2√−1 )
′|126
| det(Z−X ′
2
√
−1 )|18[( z22−z222√−1 )( z33−z332√−1 )− ( z−z2√−1 )( z−z2√−1 )
′
]63
2. A Class of Invariant Differential Operators on Cartan Domains
and Their solutions
1.We consider the Cartan domain of first type
RI(m,n) = (Z|I − ZZ ′ > 0, Z − (m,n) matrix).
It is well known that the Bergman kernel function is given by (up to a consant
factor)
KI(Z,Z) = [det(I − ZZ ′)]−(m+n).
Let
(gjα, kβ) = (
∂2lgKI(Z,Z)
∂zjα∂zkβ
).
Then (gjα, kβ) = (I −ZZ ′)−1 ·X(I −ZZ ′)−1 = TI(Z,Z) =Bergman metric matrix
of RI(m,n), ds
2
I =
∑m
j,k=1
∑n
α,β=1 gjα,kβdzjαdzkβ = Bergman metric matrix of
RI(up to a const.factor).And
det(gjα, kβ) = [det(I − ZZ ′)]−(m+n) = KI(Z,Z).
Let
L = T−11 (Z,Z)
∂2
∂z′∂z
, L(u) = T−11 (Z,Z)
∂2u
∂z′∂z
,
where
∂
∂z
=
(
∂
∂z11
,
∂
∂z12
, ...,
∂
∂z1n
,
∂
∂z21
, ...,
∂
∂z2n
, ...,
∂
∂zm1
, ...,
∂
∂zmn
)
,
∂2
∂z′∂z
=
(
∂
∂z
)′(
∂
∂z
)
=


∂2
∂z11∂z11
· · · · · · · · · ∂2∂z11∂zmn· · · · · · · · · · · · · · ·
∂2
∂zmn∂z11
· · · · · · · · · ∂2∂zmn∂zmn

 .
If W = f(Z) is the holomorphic automorphism of R1(m,n), then
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T−11 (Z,Z)
∂2u(Z)
∂z′∂z
=
(
∂W
∂Z
)′−1
T−11 (W,W )T
−1
1 (Z,Z)
∂2u(f−1(W ))
∂W ′∂W
(
∂W
∂Z
)′
(4)
Let
Lj(u) = {The sum of all principal minors of degree j for L(u)}
then Lj(u) is an invariant differential operator of R1(m,n)(j = 1, 2, ...,mn).
In fact, from (4) we know that
T−11 (Z,Z)
∂2u
∂z′∂z
is similar to T−11 (W,W)
∂2u(f−1(W))
∂W′∂W
Suppose
F (λ) = det
[
λI − T−11 (Z,Z)
∂2u
∂z′∂z
]
is the characteristic polynomial for T−11
∂2u(Z)
∂z′∂z
, then the coefficient of λmn−j is the
Lj(u)(j = 1, 2, ......,mn) ( up to sign±). But the similar matriceshave the same
characteristic polynomial .So Lj(u) is an invariant differential operator.
Specifically,
L1(u) = tr
[
T−11 (Z,Z)
∂2u
∂z′∂z
]
is the Laplace-Beltrami operator of (R1, ds
2
1).
And
Lmn(u) = tr
[
T−11 (Z,Z)
∂2u
∂z′∂z
]
is the complex Monge-Ampere operator.
2. Let
Pj(Z,U) =
det(I− ZZ′)n/j
|det(I− ZU)′|2n/j (j = 1, 2, ......,mn),
UU
′
= I, U is a (m, n) matrix.
Then
Lj(pj(Z,U)) = 0, j = 1, 2, ......,mn.
In fact,if we expand the Pj(Z,U) around the point Z = 0:
Pj(Z,U) =
[
1− n
j
tr(ZZ
′
) + ...
] [
1 +
n
j
tr(ZU
′
) + ...
] [
1 +
n
j
tr(UZ
′
) + ...
]
,
Then,we have
∂2Pj(Z,U)
∂zjα∂zkβ
|Z=0 =


−n
j
+
(
n
j
)2
|ujα|2, if(j, α) = (k, β)(
n
j
)2
ujαukβ , if(j, α) 6= (k, β),
where
U = (ujα) and UU
′
= I(m).
So
L(Pj)Z=0 = −
(
n
j
)
I(mn) +
(
n
j
)2
u′u,
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where
u = (u11...u1nu21...u2n...um1...umn), uu
′ = m.
Then we have
Lj(Pj)|Z=0 =
[
Cjmn
(
1− n
j
uu′
)
+ Cjmn
(n)(mn− j)
jmn
m
](
−n
j
)j
= 0,
where Cjmn =
(mn)!
j!(mn−j)! .
Mapping
W = (AZ +B)(CZ +D)−1 = (A
′
+ ZB
′
)−1(C
′
+ ZD
′
)
is a holomorphic automorphism of R1(m,n) ,which maps U into V and maps point
Z0 = −A−1B into point W = 0 and we have
I − Z0Z ′0 = (A
′
A)−1, I − Z0′Z0 = (D′D)−1, C′D′−1 = A−1B.
Then, by direct calculations, we have
Pj(W,V ) =
Pj(Z,U)
Pj(Z0, U)
. (j = 1, 2, ......,mn)
So we have
Lj(Pj(Z,U))|Z=Z0 = Pj(Z0, U)Lj(Pj(W,V ))|W=0 = 0, (j = 1, 2, . . . ,mn)
This is
Lj(Pj(Z,U)) = 0, j = 1, 2, ......,mn.
If f(U) is continuous on SR1(m,n) (the Silov boundary of R1(m,n)),
SR1(m,n) = {Um,n|UU ′ = I(m)},
and let
Yj(Z) =
∫
SR1(m,n)
f(U)Pj(Z,U)U˙ , j = 1, 2, ...,mn,
then we have
L1(Y1(Z)) = 0,
For the other Cartan domain, such as RII , RIII , RIV , RV and RV I , we have similar
results.
3. According to the above idea, we can obtain some other invariant differential
operators and some holomorphic invariants for bounded domains in Cn. If D1 be
the bounded domain in Cn, and w = f(z) be the biholomorphic mapping of D1,
which mapsD1 onto domainD2 in C
n. let Ti be the Bergman metric ofDi(i = 1, 2),
and
R1 = −(∂
2logdetT1
∂zi∂zj
),
R2 = −(∂
2logdetT2
∂wi∂wj
).
Then we have
1◦. T−11 R1 =
(
∂W
∂Z
)′−1
T−12 R2
(
∂W
∂Z
)′
,
R1T
−1
1 =
(
∂W
∂Z
)
R2T
−1
2
(
∂W
∂Z
)−1
,
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2◦. T−11 d(dT1 · T−11 )T1 =
(
∂W
∂Z
)−1
T−12 d(dT2 · T−12 )T2
(
∂W
∂Z
)′
.
Hence
△j(R) = {The sum of all j by j principal minors of T−11 R1},
△j(R) = {The sum of all j by j principal minors of R1T−11 },
△j(T ) = {The sum of all j by j principal minors ofd(dT1 · T−11 )}
are invariant under the biholomorphic mapping of D1. (j = 1, 2, ......, n) Also
we have that
△Nj (R) = {The sum of all j by j principal minors of (T−11 R1)N},
△Nj (R) = {The sum of all j by j principal minors of (R1T−11 )N},
△Nj (T ) = {The sum of all j by j principal minors of (d(dT1 · T−11 ))N},
△rj(L) = {The sum of all j by j principal minors of (T−11
∂2u
∂z′∂z
)N},
△Nl (L) = {The sum of all j by j principal minors of (
∂2u
∂z′∂z
)NT−11 },
are invariant under the biholomorphic mapping of D1,
where N are positive integers .
If D1 be the homogeneous domain , then
−T−11 R1 = I(n) ,
so △j(R) = △j(R) = +Cjn(−1)j .If D1 be the irreducible Cartan domain ,
then
d(dT1 · T−11 |z=0ddT1 · T−11 , so we have
△1(T ) = Bergman metric of D1
.
4. Suppose D is a bounded homogeneous domain in Cn containing the origin.
Let T (Z,Z),K(Z,Z), P (Z,U) be the Bergman metric matrix. Bergman
kernel function ,formal Poission kernel of D respectively.
By a linear mapping and from the relations between T (Z,Z),K(Z,Z) and P (Z,U),
we can assume that
T |Z=0 = λI,
(
∂2logP
∂z′∂z
)
|z=0 = −µI, λ 6= 0, µ 6= 0.
Let
Lj(µ) = {the sum of all princial minor of degree j for L(µ) }
Pj(Z,U) = P (Z,U)
1
j
Then
Lj(Pj(Z,U)) = 0
if and only if
L1(P (Z,U)) = 0, (∗)
where
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j = 1, 2, ..., n.
Proof We have
L(Pj(Z,U)) = Pj(Z,U)G(Pj(Z,U))
where G(u) = T−1(Z,Z)
[
(
∂2logu
∂z′∂z
) + (
∂logu
∂z′
)(
∂logu
∂z
)
]
Let
Gj(u) = {the sum of all principal minors of degree j for G(u)},
then Gj(u) is also an invariant differential operators .(j=1,2,...,n).
If W = f(Z) be the biholomophic automrophism of D, which maps Z0 into O
and
f(U) = V , then P (Z,U) = P (Z0, U)P (W,V ).so it is sufficient to
prove that (∗) holds for Z=0.
Because
G(Pi(Z,U)) = T
−1
[
1
j
(
∂2logP
∂z′∂z
) +
1
j2
(
∂logP
∂z′
)(
∂logP
∂z
)
]
,
let
∂logP
∂z
|z=0 = (α1, α2, ..., αn) = α.
Then we have
G(Pj)|z=0 = −
(
λµ
j
)
I +
1
j2
α′α (let(λµ)−1 = b, αα = a)
=
(−λµ
j
)
[I − ( b
j
)α′α]
There exists an unitary matrix H such that
I − (b/j)α′α = H(I − (b/j)
(
α 0
0 0
)
)H−1,
So,
Lj(Pj)|Z=0 = 0 iff Xj = 0,
Where
Xj = {the sum of all principal minors of degree j for[I −
(
α(b/j) 0
0 0
)
]}.
But
Xj = C
j−i
n−1(1− (αb/j)) + Cjn−1 = Cjn(n− ab)/n.
So
X1 = 0 iff n− ab = 0.
But
X1 = n− ab
and
X1 = 0 iff C1(P1)|Z=0 = 0 iff L1(P )|Z=0 = 0
So we complete the proof.
From this we have the following theorem.
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Theorem: If D be the irreducible bounded homogenous domain in Cn, then for
any fixed j(1 ≤ j ≤ n) one has
Lj(Pj) = 0
if and only if D is a symmetric domain.
Proof: If D be the irreducible symmetric domain, then from II.2, we have
Lj(Pj) = 0.
If Lj(Pj) = 0, then L1(P ) = 0, i.e. the Possion kernel of D is annihilated by
the Laplace- Beltrami operator of D under the Bergman metric. Then from the
Theorem 8 of [1], that D must be symmetric.
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